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We calculate the contribution of the higher-twist Feynman diagrams to the large-pT inclusive
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cross- sections (Borel sum) with the ones obtained in the framework of the frozen coupling approach
and leading-twist cross-section are compared and analyzed.
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I. INTRODUCTION
It is well known that Quantum Chromodynamics (QCD) is the fundamental theory of the
strong interactions.Therefore in order to describe the structure and dynamical properties of
hadrons at the amplitude level many researchers have been studying QCD. The hadronic
distribution amplitude in terms of internal structure degrees of freedoms plays a crucial role
in QCD process predictions.
One of the basic problems in QCD is choosing the renormalization scale in running
coupling constant αs(Q
2). In principle, in perturbative QCD (pQCD) calculations, the
argument of the running coupling constant in both the renormalization and factorization
scale Q2 should be taken as equal to the square of the momentum transfer of a hard gluon
in a corresponding Feynman diagram [1]. In the pQCD, the physical information of the
inclusive gluon production is obtained efficiently; therefore, it can be directly compared to
the experimental data.
It should be noted that problem the existence of the higher-twist contribution is not yet
settled. Also it is necessary to study the difference in the leading-twist results for the frozen
and running coupling constant approaches and compare it with that of the higher-twist.
The aim of this study is calculation and analysis of the inclusive gluon production in the
pion-proton collisions using the frozen and running coupling constant approaches. Using this
approaches, the higher twist effects have been already calculated by many authors [2–16].
The calculation and analysis of the higher-twist effects on the dependence of the pion
distribution amplitude in inclusive gluon production at pip collision within holhographic
and pQCD approaches are the interesting research problems. In our previously study [12],
using the principle of maximum conformality (PMC) and Brodsky-Lepage-Mackenzie (BLM)
approaches, we have calculated the contribution of the higher-twist mechanism to the large-
pT inclusive gluon production cross section in pip collisions [12]. In this study, we compute
the contribution of the higher-twist effects to an inclusive gluon production cross-section by
using various pion distribution amplitudes from holographic and pQCD, and applying the
frozen and running coupling [17] constant approaches in order to compute the effects of the
infrared renormalons. We also estimate and perform comparisons of the leading and the
higher-twist contributions. Studying various properties of the hadron infrared renormalon
effects in detail is one of the essential and actual problems in the pQCD [18–26]. This
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approach was also employed before [5–11] to calculate the inclusive meson production in pp
and γγ collisions.
The contents of the paper is as follows. The related formulas for the calculation of
the contributions of the higher-twist and leading-twist diagrams are provided in the next
section. The formulas and analysis of the higher twist effects on the dependence of the
pion distribution amplitudes by the running coupling constant approach are presented in
Section III, and the numerical results for the cross-section and discussion of the dependence
of the cross-section on the pion distribution amplitudes are presented in Section IV. Finally,
our conclusions and the highlights of the study are listed in Section V.
II. HIGHER-TWIST AND LEADING-TWIST CONTRIBUTIONS TO INCLU-
SIVE GLUON PRODUCTION
The higher-twist Feynman diagrams for the inclusive gluon production in the pion-proton
collision pip → gX are shown in Fig.1. For the process pip → gX , we write invariant
amplitude as in the form (as called by Brodsky-Lepage formula [27] )
M(sˆ, tˆ) =
∫ 1
0
dx1
∫ 1
0
dx2δ(1− x1 − x2)ΦM(x1, x2, Q2)TH(x1, x2;Q2, µ2R, µ2F ) (2.1)
where TH is the sum of the graphs contributing to the hard-scattering part of the subprocess.
For the higher-twist, the subprocess is taken as piqp → gq, which contributes to pip → gX ,
where qp is a constituent of the initial proton target. As seen from Fig.1, the processes pi
+p→
gX and pi−p→ gX arise from subprocesses as pi+dp → gu and pi−up → gd, respectively.
The production of the hadronic gluon in the large transverse momentum is available at
the high energy, especially at the Large Hadron Collider. Finally, hadronic gluon is a product
of the hard-scattering processes, before hadronization. In the final state, this hadronic gluon
is fragmented to hadron. The main dynamical properties of the gluon, which carried one
part of the four momentum, are close to the parent parton. In order to understand the
parton kinematics one should consider the gluon production process [28]. The higher-twist
cross-section for pip→ gX process has the form:
E
dσ
d3p
(pip→ gX) =
∫ 1
0
dxδ(sˆ+ tˆ + uˆ)sˆGq/p(x,Q
2)
1
pi
dσ
dtˆ
(piqp → gq), (2.2)
where Gq/p(x,Q
2) is the quark distribution function inside a proton.
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For higher-twist subprocess piqp → gq, the Mandelstam invariant variables are written in
the form:
sˆ = (p1 + pg)
2 = (p2 + ppi)
2, tˆ = (pg − ppi)2, uˆ = (p1 − ppi)2. (2.3)
Then the parton-level cross-section within running coupling constant method becomes
dσ
dtˆ
(piqp → gq) =
256pi2
81sˆ2
[D(sˆ, uˆ)]2
(
− tˆ
sˆ2
− tˆ
uˆ2
)
, (2.4)
where
D(sˆ, uˆ) =
∫ 1
0
dxα3/2s (Q
2
1)
[
Φpi(x,Q
2
1)
x(1− x)
]
+
∫ 1
0
dxα3/2s (Q
2
2)
[
Φpi(x,Q
2
2)
x(1− x)
]
. (2.5)
By the way, it must be denoted that as a special case we can directly get the result [29]
from Eq(2.4) by the applying the frozen coupling constant approximation.
If we use the BLM approach for Fig.1 the transfer momentum of the hard gluon for s
and u channels get the form
Q21 = (1− x)sˆ and Q22 = −xuˆ, (2.6)
respectively.
In the soft regions x → 0 and x → 1 (for u and s channels), integrals (2.5) diverge,
therefore in these regions for their calculations some regularization methods of αs(Q
2) are
needed. One of the simple method is called frozen coupling constant approximation for the
regularization these singularity.
Although the frozen QCD coupling constant was introduced a long time ago, it is also
interesting and important in these days [30–38]. The origin of it comes from the divergent
infrared behavior of the well-known renormalization group expression for αs. For this rea-
son, it is used as a constant in the infrared domain. Another reason for introducing the
frozen coupling is the pQCD coupling. Also, the effects of running αs should be taken into
account in all calculations. However, it makes some QCD calculations very difficult. If we
want to estimate it approximately, it can be very convenient to use some effective coupling
which minimizes the running of αs in the perturbative region. For getting an agreement
with experimental data, the values of the frozen coupling are usually fixed from purely phe-
nomenological considerations. The frozen coupling is frequently used in combination with
other phenomenological parameters to describe hadronic processes. We can come across
fixed αs very often in various calculations done in the framework of the leading logarith-
mic approximation where most important logarithmic contributions are totally resummed
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while αs considered as fixed parameter and its argument is set off a posteriori from physical
considerations. The solution of the Schwinger-Dyson equations can be also another method
for investigating the infrared behavior of the gluon and ghost propagators and for the run-
ning coupling constant at low energies [39]. Although early studies of the Schwinger-Dyson
equations for the gluon propagator are very singular in the infrared [40–42], other studies
found infrared finite propagators. For example, in Ref. [43] the gluon acquires a dynamical
mass m2g, and the other is extensively discussed in Refs. [44, 45] when the gluon propagator
goes to zero when the momentum Q2 → 0. In both cases, the freezing of coupling constant
appears in the infrared. In the case where squared momentum of a hard gluon gets the form
Q2 → Q2 + m2g, for running coupling constant leads to αs(Q2) → αs(Q2 + m2g). Here m2g
is interpreted as an effective dynamical gluon mass or fictitious mass of gluon. By frozen
coupling constant approach for squared of transfer momentum of the hard gluon in single
meson photoproduction, γp→MX is taken as Q21 = sˆ/2 and Q22 = −uˆ/2 [13]. Additionally,
we also come across other physical properties of frozen coupling constant in the confinement
mechanism suggested in Refs. [46, 47] as (1 + 1) dimensional Quantum Electrodyanamics .
There are few forms of the pion distribution amplitude available in the literature. In the
present numerical calculations, we use several choices, such as the asymptotic distribution
amplitude derived in pQCD evalution [48], the Vega-Schmidt-Branz-Gutsche-Lyubovitskij
(VSBGL) distribution amplitude [49], distribution amplitudes predicted by AdS/CFT [50,
51], the Chernyak-Zhitnitsky(CZ) [52], the Bakulev-Mikhailov-Stefanis (BMS) [53, 54] and
pion distribution amplitudes in which Gegenbauer coefficients C2 and C4 are extracted from
BELLE experiment [55, 56]:
Φasy(x,Q
2 →∞) =
√
3fpix(1− x), (2.7)
ΦholV SBGL(x, µ
2
0) =
A1k1
2pi
√
x(1 − x)exp
(
− m
2
2k21x(1− x)
)
, (2.8)
Φhol(x, µ20) =
4√
3pi
fpi
√
x(1− x), (2.9)
ΦCZ(x, µ
2
0) = Φasy(x)
[
C
3/2
0 (2x− 1) +
2
3
C
3/2
2 (2x− 1)
]
, (2.10)
ΦBMS(x, µ
2
0) = Φasy(x)
[
C
3/2
0 (2x− 1) + 0.20C
3/2
2 (2x− 1)− 0.14C
3/2
4 (2x− 1)
]
, (2.11)
ΦBELLE(x, µ
2
0) = Φasy(x)
[
C
3/2
0 (2x− 1) + 0.12C
3/2
2 (2x− 1) + 0.08C
3/2
4 (2x− 1)
]
, (2.12)
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here Cλn(2x− 1) are Gegenbauer polynomials.
Substituting Eq.(2.4) into Eq.(2.2), then the differential cross- section for the process
pip→ gX takes the form [29]
E
dσ
d3p
(pip→ gX) = s
s+ u
xGq/p(x,Q
2)
256pi
81sˆ2
[D(sˆ, uˆ)]2
(
− tˆ
sˆ2
− tˆ
uˆ2
)
. (2.13)
It should be noted that, as seen from Eqs.(2.4) and (2.13), the higher-twist cross-section is
linear with respect to tˆ, so the cross-section vanishes, if the scattering angle between the
final gluon and incident pion is approximately equal to zero. From Eq.(2.13), we see that
the higher-twist cross-section proportional to sˆ−3, which is equivalent to the higher-twist
contributions to the pip→ gX cross-section have the form of p−6T f(xF , xT ).
In the expression Eq.(2.6), we fixed the variable x by taking it as mean value. So, average
values for x we take x = 1/2. Thus, for the calculations higher-twist cross-sections within
frozen coupling constant approach we substitute Q
2
= sˆ/2 and Q
2
= −uˆ/2 in Eq.(2.13) for
the transfer momentum of the hard gluon, respectively.
The extracting of higher-twist contribution from the inclusive gluon production cross-
section is also complicated. One can also consider the comparison of higher-twist corrections
with leading-twist contributions. For the leading-twist subprocess in the inclusive gluon
production, we take qq¯ → gγ as a subprocess of the quark-antiquark annihilation. The
differential cross-section for subprocess qq¯ → gγ is
dσ
dtˆ
(qq¯ → gγ) = 8
9
piαE
e2q
sˆ2
(
αs(−uˆ)
tˆ
uˆ
+ αs(−tˆ)
uˆ
tˆ
)
. (2.14)
As is seen from Eq.(2.14), leading-twist cross-section strongly depends of the running
coupling constant where the running coupling constant depends on the transfer momentum.
However, running coupling constant depends on the channels of the process. Here running
coupling have been evaluated in the momentum subtraction scheme, for momentum scales
u and t, which define the off-shell momenta carried by the quark propagators.
The leading-twist cross-section for production of inclusive gluon is [57]
ΣLTM ≡ E
dσ
d3p
(pip→ gX) =
∫ 1
0
dx1
∫ 1
0
dx2δ(sˆ+tˆ+uˆ)Gq/M(x1, Q
2
1)Gq/p(x2, Q
2
2)
sˆ
pi
dσ
dtˆ
(qq¯ → gγ),
(2.15)
where
sˆ = x1x2s, tˆ = x1t, uˆ = x2u.
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Finally, leading-twist contribution to the large-pT gluon production cross-section in the
process pip→ gX is
ΣLTM ≡ E
dσ
d3p
(pip→ gX) =
∫ 1
0
dx1
1
x1s+ u
Gq/M (x1, Q
2
1)Gq/p(1− x1, Q22)
sˆ
pi
dσ
dtˆ
(qq¯ → gγ).
(2.16)
III. HIGHER TWIST MECHANISM WITHIN PERTURBATIVE AND HOLO-
GRAPHIC QCD AND THE ROLE INFRARED RENORMALONS
The main object of this study is the calculations of the higher- twist cross-section with
running coupling constant approach within holographic and pQCD and renormalon effect’s
contribution to the cross-section, and also comparisons between higher-twist cross- sections
which are calculated by the running coupling constant method and the principle maximum
conformality approach. It should be noted that, in the exclusive processes, the coupling
constant αs runs not only due to the loop integration but also the integration in the process
amplitude over the light-cone momentum fraction of hadron constituents. Therefore, it is
worth noting that the renormalization scale according to Fig.1 should be chosen equal to
µ2R1 = Q
2
1 = (1 − x)sˆ, and µ2R2 = Q22 = −xuˆ. The integral in Eq.(2.5) in the framework of
the running coupling approach takes the form
D(µ2R) =
∫ 1
0
α
3/2
s ((1− x)sˆ)ΦM(x, µ2F )dx
x(1− x) +
∫ 1
0
α
3/2
s (−xuˆ)ΦM (x, µ2F )dx
x(1− x) . (3.1)
At the leading order of pQCD calculations the hard scattering amplitude
TH(x1, x2;Q
2, µ2R, µ
2
F ) does not depend on the factorization scale µ
2
F , but strongly depends
on µ2R. The one-loop QCD correction to the hard scattering amplitude TH(x1, x2;Q
2, µ2R, µ
2
F )
generates its explicit dependence on the scales µ2F and µ
2
R . Also, it should be noted that
the scales µ2F and µ
2
R are independent of each other so they can be chosen autonomously.
As we noted above in the regions x → 0 and x → 1 the integral (3.1) diverges, because
in this region the running coupling constants αs((1 − x)sˆ) and αs(−xuˆ) have the infrared
singularity. In other words, the singularity of the integrand of x=0 and x=1 is due to only
by αs((1−x)sˆ) and αs(−xuˆ). Thus, for the regularization of the integral, by expressing the
running coupling at scaling variable αs(µ
2
R), we use renormalization group equation with the
fixed αs(sˆ) and αs(−uˆ) for s and u channels, respectively. The solution of renormalization
group equation for the running coupling α ≡ αs/pi is in the form [24]
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α(λ)
α
=
[
1 + α
β0
4
lnλ
]−1
. (3.2)
Then, for αs((1− x)sˆ), we get
α((1− x)s) = αs
1 + ln(1 − x)/t (3.3)
where t = 4pi/αs(Q
2)β0 = 4/αβ0.
If we insert Eq.(3.3) into Eq.(3.1), we obtain
D(sˆ, uˆ) =
∫ 1
0
dx
α
3/2
s ((1− x)sˆ)Φpi(x,Q21)
x(1− x) +
∫ 1
0
dx
α
3/2
s (−xuˆ)Φpi(x,Q22)
x(1− x)
= α3/2s (sˆ)t
3/2
1
∫ 1
0
dx
Φpi(x,Q
2
1)
x(1 − x)(t1 + lnλ1)3/2
+ α3/2s (−uˆ)t
3/2
2
∫ 1
0
dx
Φpi(x,Q
2
2)
x(1− x)(t2 + lnλ2)3/2
(3.4)
where t1 = 4pi/αs(sˆ)β0 and t2 = 4pi/αs(−uˆ)β0.
Although the integral (3.4) still has singularity, this expression can be transformed to a
more convenient form by the change of variable as, z = lnλ. Then the singularity in (3.4)
disappears and we obtain
D(sˆ, uˆ) = α3/2s (sˆ)t
3/2
1
∫ 1
0
Φpi(x,Q
2
1)dx
x(1− x)(t1 + z1)3/2
+ α3/2s (−uˆ)t
3/2
2
∫ 1
0
Φpi(x,Q
2
2)dx
x(1 − x)(t2 + z2)3/2
. (3.5)
After applying the integral representation of 1/(t+ z)ν [58, 59],
1
(t+ z)ν
=
1
Γ(ν)
∫ ∞
0
e−(t+z)uuν−1du,Reν > 0 (3.6)
Equation (3.5) becomes
D(sˆ, uˆ) =
α
3/2
s (−sˆ)t3/21
Γ(3
2
)
∫ 1
0
∫ ∞
0
Φpi(x,Q
2
1)e
−(t1+z1)uu1/2dudx
x(1 − x) +
+
α
3/2
s (−uˆ)t3/22
Γ(3
2
)
∫ 1
0
∫ ∞
0
Φpi(x,Q
2
2)e
−(t2+z2)uu1/2dudx
x(1 − x) , (3.7)
Then the Eq.(3.7) can be written, for Φhol(x,Q2), as
D(sˆ, uˆ) =
32
√
pifpi
β0
√
3β0Γ(
3
2
)
∫ ∞
0
due−t1uu1/2B
(
1
2
,
1
2
− u
)
+
+
32
√
pifpi
β0
√
3β0Γ(
3
2
)
∫ ∞
0
due−t2uu1/2B
(
1
2
,
1
2
− u
)
, (3.8)
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for Φasy(x,Q
2 →∞) distribution amplitude, as
D(sˆ, uˆ) =
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t1u
[
u1/2
1− u
]
+
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t2u
[
u1/2
1− u
]
, (3.9)
for ΦCZ(x,Q
2) distribution amplitude, as
D(sˆ, uˆ) =
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t1uu1/2
[
1
1− u + 0.84
[
4
1− u −
20
2− u +
20
3− u
](
αs(Q
2
1)
αs(µ
2
0)
) 50
81
]
+
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t2uu1/2
[
1
1− u + 0.84
[
4
1− u −
20
2− u +
20
3− u
](
αs(Q
2
2)
αs(µ
2
0)
) 50
81
]
.
(3.10)
and for ΦBMS(x,Q
2) distribution amplitude, as
D(sˆ, uˆ) =
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t1uu1/2
[
1
1− u + 0.30
[
4
1− u −
20
2− u +
20
3− u
](
αs(Q
2
1)
αs(µ
2
0)
) 50
81
−
0.2625
[
8
1− u −
120
2− u +
560
3− u −
1112
4− u +
1008
5− u −
336
6− u
](
αs(Q
2
1)
αs(µ20)
)364/405]
+
8pi
√
3pifpi
β0
√
β0Γ(
3
2
)
∫ ∞
0
due−t2uu1/2
[
1
1− u + 0.30
[
4
1− u −
20
2− u +
20
3− u
](
αs(Q
2
2)
αs(µ
2
0)
) 50
81
−
0.2625
[
8
1− u −
120
2− u +
560
3− u −
1112
4− u +
1008
5− u −
336
6− u
](
αs(Q
2
2)
αs(µ20)
)364/405]
. (3.11)
where B(α, β) is Beta function and u is the Borel parameter.
The structure of the infrared renormalon poles in Eqs.(3.8)-(3.11) strongly depend on the
distribution amplitudes of the pion. The integrals in Eqs.(3.8)-(3.11) are divergent.Therefore
there are regularized by means of the principal value prescription by using running coupling
constant. In the subsequent calculation and figures the higher-twist cross sections obtained
using the running coupling and frozen coupling constant approaches are denoted by (ΣHTg )
res
and (ΣHTg )
0, respectively.
IV. NUMERICAL RESULTS AND DISCUSSION
We discuss the numerical results for higher-twist and renormalon mechanism with higher-
twist contributions calculated in the context of the running and frozen coupling approaches
on the dependence of the chosen pion distributions amplitudes in the inclusive gluon produc-
tion process. For the numerical calculations, we take supprocess pi+dp → gu and pi−up → gd
for pi+p→ gX and pi−p→ gX process, respectively.
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Inclusive direct gluon production represents a significant test case in which higher-twist
terms dominate those of leading-twist in certain kinematic domains. For the dominant
leading-twist subprocess for the gluon production, we take the quark-antiquark annihilation
qq¯ → γg. In the numerical calculations, for the quark distribution functions inside the pion
and proton we used expressions as given in Refs. [60, 61], respectively.
Results obtained in our calculations are visualized in Figs. 2-23. In all figures we represent
the choice of pion distribution amplitudes Eqs.(2.7)-(2.12) by different line types: Φasy(x)
as solid black line, Φhol(x) as dashed red line, ΦholV SBGL(x) as dotted blue line, ΦCZ(x,Q
2)
as dash-dot magenta line, ΦBMS(x,Q
2) as dash-double dot olive line, and ΦBELLE(x,Q
2)
as short dash navy line. Firstly, it is very interesting to compare the higher-twist cross
sections obtained within holographic QCD with ones obtained within the perturbative QCD
and also with the leading-twist cross-section. In Figs. 2 and 3, we show higher-twist cross-
sections (ΣHTg )
0, (ΣHTg )
res calculated in the context of the frozen (frozen cross-section) and
running coupling constant (resummed cross-section) approaches as a function of the gluon
transverse momentum pT for the pion distribution amplitudes presented in Eqs.(2.6)-(2.11)
at y = 0. It is seen from Figs. 2 and 3 that the higher-twist cross-section is monotoni-
cally decreasing with an increase in the transverse momentum of the gluon. In the region
2 GeV/c < pT < 30 GeV/c, the resummed cross-sections of the process pi
+p → gX de-
crease in the range between 3.172 · 10−6µb/GeV 2 to 4.912 · 10−16µb/GeV 2. In Figs. 4-7,
we show (ΣHTg )
res/(ΣHTg )
0,(ΣHTg )
res/(ΣHTg )
PMC , (ΣHTg )
0/(ΣLTg ) and (Σ
HT
g )
res/(ΣLTg ) for the
process pi+p → gX as a function of pT for the pion distribution amplitudes presented in
Eqs.(2.7)-(2.12) at y = 0. We see in Fig. 4, that in the region 15 GeV/c < pT < 22 GeV/c,
the ratio (ΣHTg )
res/(ΣHTg )
0 for ΦCZ(x,Q
2) is enhanced by about two orders of magnitude
relative to one for Φasy(x). However, the enhancement is one order of magnitude for Φ
hol(x)
and half an order for ΦBMS(x,Q
2) and ΦBELLE(x,Q
2) pion distribution amplitudes. For the
present the distinction between running coupling constant and principle maximum confor-
mality approaches in Fig. 5 is shown where the (ΣHTg )
res/(ΣHTg )
PMC ratio of higher-twist
cross-sections is calculated by running coupling constant method and principle maximum
conformality approach as a function of the transverse momentum of the gluon pT . For full
analysis in Table I we present numerically values of the ratio (ΣHTg )
res/(ΣHTg )
PMC as a func-
tion of the transverse momentum of the gluon pT . In Figs.6 and 7, we show the dependence of
the ratios (ΣHTg )
0/(ΣLTg ) and (Σ
HT
g )
res/(ΣLTg ) on the gluon pT for the pion distribution ampli-
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tudes presented in Eqs.(2.6)-(2.11). It is seen that in the region 10 GeV/c < pT < 25 GeV/c
leading-twist cross-sections are enhanced by about four orders of magnitude relative to the
higher-twist cross-sections calculated in the frozen coupling constant approach, but in some
regions they are enhanced by about three orders of magnitude relative to the resummed
higher-twist cross-section for ΦCZ(x,Q
2). In Figs. 8-11, we have depicted higher-twist cross-
sections (ΣHTg )
0, (ΣHTg )
res and ratios (ΣHTg )
res/(ΣHTg )
0, (ΣHTg )
0/(ΣLTg ) and (Σ
HT
g )
res/(ΣLTg )
as a function of pT at
√
s = 62.4 GeV for the process pi−p → gX . In Figs. 8 and 9, we
display the dependence of higher-twist cross-sections (ΣHTg )
0, (ΣHTg )
res as a function of pT
for pion distribution amplitudes presented in Eqs.(2.7)-(2.12) at y = 0. From the figures, we
see that the higher-twist cross-section is monotonically decreasing with an increase of pT . In
this process, in the region 2 GeV/c < pT < 30 GeV/c, the resummed cross-sections decrease
in the range between 4.556 · 10−6µb/GeV 2 and 6.056 · 10−14µb/GeV 2. In Figs. 10 and 11,
we display the dependence of the ratios (ΣHTg )
0/(ΣLTg ) and (Σ
HT
g )
res/(ΣLTg ) for the process
pi−p → gX as a function of pT for the pion distribution amplitudes presented in Eqs.(2.7)-
(2.12) at y = 0. It should be noted, that ratio (ΣHTg )
res/(ΣHTg )
0 for the pi+p → gX process
is identical to the ratio (ΣHTg )
res/(ΣHTg )
0 for the process pi−p → gX . In Fig.10, we show
the dependence of the ratio (ΣHTg )
res/(ΣLTg ), as a function of pT for the pion distribution
amplitudes presented in Eqs.(2.7)-(2.12) at y = 0. We also see from the figure that in the
region 10 GeV/c < pT < 30 GeV/c, leading-twist cross-sections are enhanced by about three
orders of magnitude relative to the frozen cross-sections for Φhol(x), Φasy(x), ΦCZ(x,Q
2),
ΦBMS(x,Q
2) and ΦBELLE(x,Q
2) at y = 0. But the enhancement is about 4 orders of
magnitude relative to the frozen cross section for ΦholV SBGL(x) distribution amplitude.
From Figs. 12-19, the dependences of higher-twist cross-sections (ΣHTg )
0, (ΣHTg )
res, ra-
tios (ΣHTg )
res/(ΣHTg )
0, (ΣHTg )
res/(ΣHTg )
PMC and (ΣHTg )
res/(ΣLTg ) are shown for the processes
pi+p → γX and pi−p → γX as a function of the rapidity of the gluon y at the transverse
momentum of the gluon pT = 4.9 GeV/c. It is seen from figures in Figs.12 and 13, that
frozen and resummed cross sections for all distribution amplitudes of pion have two maxima,
where the first maximum is approximately at the point y = −2 and second maximum is ap-
proximately at the point y = 2. But, the leading-twist cross- section only has one maximum
at y = 1.5. Notice that the distribution amplitude of frozen and resummed cross-sections
for ΦCZ(x,Q
2) are enhanced by about half and two orders of magnitude relative to all other
distribution amplitudes. In Figs.14-19, dependences of higher-twist cross-sections (ΣHTg )
0,
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(ΣHTg )
res, ratios (ΣHTg )
res/(ΣHTg )
0, (ΣHTg )
res/(ΣHTg )
PMC and (ΣHTg )
res/(ΣLTg ) for processes
pi+p → gX and pi−p → gX are displayed as a function of the rapidity of the gluon y at
pT = 4.9 GeV/c. For full analysis in Table II, we present numerically values of the ratio
(ΣHTg )
res/(ΣHTg )
PMC as a function of the rapidity of the gluon y at pT = 4.9 GeV/c.
Angular distributions in the higher-twist cross sections (ΣHTg )
0, (ΣHTg )
res for processes
pi±p → gX are presented in Figs. 20-23. As is seen from the figures, cross-sections vary
slowly and smoothly with the angle of the scattering. However, angular distributions are
very sensitive to the choice of the pion distribution amplitude.
As is seen from Figs.5 and 15, and also from Tables I and II, the magnitude of the
higher-twist cross-section calculated by running coupling constant approach in common is
enhanced by about 0.5-1 order of magnitude relative to the PMC cross-sections (cross-
section is calculated in the principle of maximum conformality approach). Main reason for
this is depend from phenomenological factors. As noted above in the exclusive processes the
coupling constant runs not only due to loop integration, but also because of the integration
in the process amplitude over the longitudinal momentum fractions of hadron constituents.
Thus, the exclusive processes have two independent sources of power corrections to their
characteristics; the loop integration and the integration over the longitudinal momentum
fractions of quarks and gluons. It is worth noting that the latter source exists even at the
leading order of pQCD, when the amplitude of the exclusive process depends on αs. PMC
scheme as is fixed factorization scheme and differ from frozen scheme with factor e−5/3. But,
in the running coupling constant approach all contributions from quark and gluon line to
the cross-section must be taken into account. Thus, we can conclude that the main reason
of the difference between resummed cross-section (cross-section is calculated in the running
coupling constant approach) and the relative PMC cross-section is more dependent on this
factor. Since only leading-twist diagrams are commonly considered in the usual studies of
the hadron-hadron collision, in our calculations, magnitude of the leading-twist cross-section
enhanced frozen, PMC and resummed cross-sections. But, the magnitude is the resummed
cross-section the relative PMC cross-section is more near to the leading-twist cross-section.
Therefore, resummed cross- section is more reliable.
Analysis of our calculations shows that (ΣHTg )
0 and (ΣHTg )
res, frozen and resummed
higher-twist cross- sections, and ratios are sensitive to pion distribution amplitudes as pre-
dicted in the holographic and pQCD.
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We think that this feature of infrared renormalons may help theoretical interpretations
of the future experimental data for the direct inclusive gluon production cross-section in the
pion-proton collisions. Higher-twist cross-section obtained in our study should be observable
at hadron collider.
V. CONCLUSIONS
In this study, the inclusive single gluon production is calculated via higher twist mech-
anism within perturbative and holographic QCD. In the calculation of the cross-sections
the running and frozen coupling constant approaches are employed and infrared renormalon
poles in the cross-section expression are revealed. Infrared renormalon induced divergences
are regularized by means of the principal value prescription and the Borel sum for the higher
twist cross-section is found. It is observed that the resummed higher-twist cross-section dif-
fers from that found using the frozen coupling approximation, especially in some regions,
considerably.
Concerning the study of the higher-twist contribution, it is primarily important to ana-
lyze its relative magnitude of contribution compared to the leading-twist contribution, since
only leading-twist diagrams are commonly considered in usual studies of the hadron-hadron
collision. However, in our studies the difference of the higher-twist results for the frozen
and running coupling constant approaches have been studied with importance. The follow-
ing results can be concluded from the experiments: the higher-twist contributions to single
gluon production cross-section in the pion-proton collisions have important phenomenologi-
cal consequences. Therefore, they will be helpful for detailed investigation of the dynamical
properties of the nucleon. Also, the higher-twist gluon production cross-section in the pion-
proton collisions depends on the form of the pion distribution amplitudes and may be used
for future study. Moreover, the contributions of renormalon effects within holograpich QCD
in these process are essential and may help to analyze experimental results. We compared
frozen and resumed cross-sections of the direct gluon production in the processes pi−p→ gX
and pi+p→ gX . Our calculations show in both cases running and frozen coupling constant
approaches where the inclusive gluon production cross-section for the process pi−p → gX
is suppress over the direct gluon production cross-section of the process pi+p → gX . Note
that the direct gluon production spectrum can be measured with large precision, so results
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obtained in this study will be helpful further tests of the hadron dynamics at large pT . As is
seen from Eqs.(2.4) and (3.7) higher-twist cross-sections in both cases are proportional to the
third power of αs(Q
2), but the leading-twist is linearly proportional to αs(Q
2). Therefore,
their ratios strongly depend on the α2s(Q
2).
The cross-section which is calculated by running coupling constant for all distribution
amplitudes is enhanced by about 1-2 orders of magnitude of cross-section which is calculated
by the frozen coupling constant method. As is seen from Figs. 6, 7, 10 and 11, the curves
go up when pT is greater than 25 GeV. According to our calculations, the main reason for
it is the approaching to the very nearing of singularity point x→ 1 of the running coupling
constant in this interval. Also, distinction is shown between running coupling constant and
principle maximum conformality approaches.
Further investigations are needed in order to clarify the role of higher-twist effects in QCD.
In hadron-hadron collisions, real gluons at high transverse momentum can serve as a short
distance probe of the incident hadrons. Especially, the future experimental measurements
will provide further tests of the dynamics of large-pT hadron production beyond the leading
twist.
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pT , GeV/c
(ΣHTg )
res
asy
(ΣHTg )
PMC
asy
(ΣHTg )
res
hol
(ΣHTg )
PMC
hol
(ΣHTg )
res
CZ
(ΣHTg )
PMC
CZ
(ΣHTg )
res
BMS
(ΣHTg )
PMC
BMS
(ΣHTg )
res
BELLE
(ΣHTg )
PMC
BELLE
2 0.63645 0.41676 0,5223 4,5586 1,20161
4 0.80708 1.11238 1,49909 2,47698 3,72963
6 0.83428 1.69304 2,58183 2,58954 6,73942
8 0.8428 2.19939 4,08479 2,95917 10,0357
10 0.84622 2.64643 6,37155 3,60209 13,1482
12 0.84818 3.0365 10,0184 4,64649 15,545
14 0.85958 3.3647 15,924 6,30331 16,9558
16 0.85075 3.62063 25,1232 8,80723 17,5175
18 0.8518 3.78841 37,3196 12,0757 17,6427
20 0.8528 3.84589 47,2563 14,8965 17,795
22 0.85377 3.76309 45,3689 14,9752 18,3262
24 0.85471 3.49973 31,618 11,9484 19,2869
26 0.85565 3.00164 17,2571 8,38829 19,8528
28 0.85658 2.19545 8,3118 6,32575 17,4478
30 0.85752 0.98074 3,84996 7,25441 10,4326
TABLE I: Numerically value of the ratio (ΣHTg )
res/(ΣPMCg ) in the process pi
+p→ gX as a function
of the transverse momentum of the gluon pT at the c.m. energy
√
s = 62.4 GeV .
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y
(ΣHTg )
res
asy
(ΣHTg )
PMC
asy
(ΣHTg )
res
hol
(ΣHTg )
PMC
hol
(ΣHTg )
res
CZ
(ΣHTg )
PMC
CZ
(ΣHTg )
res
BMS
(ΣHTg )
PMC
BMS
(ΣHTg )
res
BELLE
(ΣHTg )
PMC
BELLE
-2.52 0,70335 2,75164 7,25081 0,6715 11,1351
-2.22 0,1691 0,09216 0,03577 0,11873 0,09152
-1.98 0,19788 0,08752 0,04549 0,12802 0,11118
-1.62 0,31968 0,14862 0,11516 2,05618 0,29162
-1.32 0,47399 0,26103 0,26544 14,0557 0,70125
-1.02 0,61431 0,426 0,50365 2,85089 1,3795
-0.72 0,71688 0,64321 0,82097 2,18539 2,31447
-0.42 0,78075 0,91273 1,21556 2,18544 3,50047
-0.12 0,81581 1,23771 1,71207 2,37834 4,98013
0.18 0,83309 1,62501 2,38349 2,68376 6,84887
0.48 0,84078 2,08299 3,40504 3,13548 9,20182
0.78 0,84381 2,61508 5,218 3,90202 11,9325
1.08 0,84481 3,20622 9,08747 5,47397 14,3304
1.38 0,84501 3,79647 19,0914 9,30134 15,1705
1.68 0,84512 4,23116 43,7879 18,109 14,504
1.98 0.84586 4,16763 43,1949 19,44 14,7382
2.28 0,84847 2,90664 9,06416 7,92783 15,0257
2.52 0,9112 1,9231 8,9012 6,9834 16,2354
TABLE II: Numerically values of the ratio higher-twist cross sections (ΣHTg )
res/(ΣHTg )
PMC calcu-
lated by running coupling constant method and principle maximum conformality approach as a
function of the rapidity of the gluon y, at the transverse momentum of the gluon pT = 4.9 GeV/c
at the c.m. energy
√
s = 62.4 GeV .
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FIG. 1: Full set of QCD Feynman diagrams for higher-twist subprocess piq → gq.
20
0 5 10 15 20 25 30
10-18
10-16
10-14
10-12
10-10
10-8
10-6
(
g
)0
 , 
(m
b/
G
eV
2  ,
 y
=0
)  
pT , GeV/c
 asy(0)
 hol(0)
 VSBGL(0)
 CZ(0)
 BMS(0)
 BELLE(0)
 
FIG. 2: Higher-twist pi+p → gX inclusive gluon production cross-section (ΣHTg )0 as a function of
the transverse momentum of the gluon pT at the c.m. energy
√
s = 62.4 GeV .
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FIG. 3: Higher-twist pi+p → gX inclusive gluon production cross-section (ΣHTg )res as a function
of the transverse momentum of the gluon pT at the c.m.energy
√
s = 62.4 GeV .
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FIG. 4: Ratios (ΣHTg )
res/(ΣHTg )
0, in the process pi+p → gX, where higher-twist contribution are
calculated for the gluon rapidity y = 0 at the c.m.energy
√
s = 62.4 GeV as function of the gluon
transverse momentum, pT .
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FIG. 5: Ratios (ΣHTg )
res/(ΣPMCg ) for the process pi
+p→ gX as function of the transverse momen-
tum of the gluon at the c.m. energy
√
s = 62.4 GeV .
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FIG. 6: Ratios (ΣHTg )
0/(ΣLTg ) for the process pi
+p→ gX as function of the transverse momentum
of the gluon at the c.m. energy
√
s = 62.4 GeV .
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FIG. 7: Ratios (ΣHTg )
res/(ΣLTg ), in the process pi
+p→ gX, as a function of the transverse momen-
tum of the gluon pT at the c.m. energy
√
s = 62.4 GeV .
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FIG. 8: Higher-twist pi−p → gX inclusive gluon production cross-section (ΣHTg )0 as function of
the transverse momentum of the gluon pT at the c.m. energy
√
s = 62.4 GeV .
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FIG. 9: Higher-twist pi−p → gX inclusive gluon production cross-section (ΣHTg )res as function of
the transverse momentum of the gluon pT at the c.m.energy
√
s = 62.4 GeV .
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FIG. 10: Ratio (ΣHTg )
0/(ΣLTg ), in the process pi
−p→ gX, as function of the pT transverse momen-
tum of the gluon at the c.m. energy
√
s = 62.4 GeV .
0 5 10 15 20 25 30
10-4
10-3
10-2
10-1
100
101
102
(
H
T
g
)re
s  /
 (
LT g
), 
(y
=0
)
pT , GeV/c
 asy(res)/LT
 hol(res)/LT
 CZ(res)/LT
 BMS(res)/LT
 BELLE(res)/LT
 
FIG. 11: Ratio (ΣHTg )
res/(ΣLTg ), in the process pi
−p→ gX, as function of the transverse momentum
of the gluon pT at the c.m. energy
√
s = 62.4 GeV .
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FIG. 12: Higher-twist pi+p → gX inclusive gluon production cross-section (ΣHTg )0, as function of
the rapidity of the gluon y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m.
energy
√
s = 62.4 GeV .
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FIG. 13: Higher-twist pi+p→ gX inclusive gluon production cross-section (ΣHTg )res, as a function
of the rapidity of the gluon y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the
c.m. energy
√
s = 62.4 GeV .
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FIG. 14: Ratio (ΣHTg )
res/(ΣHTg )
0, in the process pi−p→ gX, as function of the rapidity of the gluon
y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 15: Ratio (ΣHTg )
res/(ΣHTg )
PMC , in the process pi−p → gX, as function of the rapidity
of the gluon y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 16: Ratio (ΣHTg )
0/(ΣLTg ) in the process pi
+p → gX, as function of the rapidity of the gluon
y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 17: Ratio (ΣHTg )
res/(ΣLTg ) in the process pi
+p→ gX, as function of the rapidity of the gluon
y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 18: Higher-twist pi−p → gX inclusive gluon production cross-section (ΣHTg )0, as function of
the rapidity of the gluon y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m.
energy
√
s = 62.4 GeV .
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FIG. 19: Higher-twist pi−p→ gX inclusive gluon production cross-section (ΣHTg )res, as a function
of the rapidity of the gluon y at the transverse momentum of the gluon pT = 4.9 GeV/c, at the
c.m. energy
√
s = 62.4 GeV .
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FIG. 20: Angular distributions of higher-twist cross- sections (ΣHTg )
0 for the process pi+p → gX
at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 21: Angular distributions of higher-twist cross- sections (ΣHTg )
res for the process pi+p→ gX,
at the transverse momentum of the gluon pT = 4.9 GeV/c at the c.m. energy
√
s = 62.4 GeV .
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FIG. 22: Angular distribution of higher-twist cross- sections (ΣHTg )
0 for the process pi−p→ gX at
the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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FIG. 23: Angular distributions of higher-twist cross- sections (ΣHTg )
res for the process pi−p→ gX
at the transverse momentum of the gluon pT = 4.9 GeV/c, at the c.m. energy
√
s = 62.4 GeV .
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